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Abstract 
In order to study the failure patterns and strength of 3D braided composites from the microscopic view, the damage propaga-
tion under tensile loading steps in three kinds of unit cells is simulated. The homogenization formula of micro-stress and the 
solving approach of finite element method are given firstly. A criterion is presented to determine the damage and its pattern of
each element, and then the stiffness degradation method based on Murakami’s geometric damage theory is used to simulate the 
status of damage under tensile loading steps for three kinds of unit cells. It can be seen that the damage percentage and damage
pattern of damaged unit cell are totally different for different kind of unit cells. More damaged elements are observed for face
cell and corner cell than that for body cell. It is also observed that the damage firstly occurs at the area of face cell, which agrees 
well with experimental results. It is verified that considering the effects of face and corner cells are important for the damage and 
strength analysis of 3D braided composites.  
Keywords: damage; 3D braided composites; meso-structure; homogenization; finite element method 
1. Introduction1
Compared with conventional laminated composites, 
3D braided composites developed since 1980s have 
higher out-of-plane stiffness and strength, higher dam- 
mage tolerance and better impact and fatigue resis-
tance. Therefore, they have potential perspective of 
applications in the areas of aeronautics and astronaut-
ics. The structure and strength analyses of 3D braided 
composites have become the popular and important 
topic in the world today. 
Early researches were mainly focused on the geo- 
metric meso-structures[1-7] and effective properties[8-14]
of 3D braided composites. Many representative vol- 
ume element (RVE) models were proposed by using 
the periodicity of 3D braided structures. Moreover, 
there are many methods for predicting the effective 
properties of 3D braided composites, such as laminate 
theory-based method[8-9], stiffness volume averaging 
method[10-11], finite element method[12-13] and asymp-
totic expansion homogenization (AEH) method[14].
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The method of AEH based on the multi-scale per-
turbation theory was introduced by French scientist in 
1970s and has been developed rapidly in recent 
years[15]. It is often used for solving many global/local 
and periodical problems, such as woven composites[16] 
and orthogonal composites[17]. M. L. Feng, et al.[14]
used this method to predict the effective modulus of 
3D braided composites. The advantages of this method 
are those it can solve micro-stress problems for many 
loading conditions as well as the local analysis is in-
dependent of global analysis and only periodic bound-
ary conditions are needed during analysis. 
Recently, the failure patterns and the strength of 3D 
braided composites are becoming two hot spots of re-
search subjects. T. Zeng, et al. established a multiphase 
element model for calculating local stress[12] and pre-
dicting the nonlinear response and failure[18] of 3D 
braided composites. B. J. Pang, et al.[19] and G. D. 
Fang, et al.[20] simulated the microscopic damage be-
havior of 3D braided composites by means of Mura-
kami’s damage theory[21] and finite element method. C. 
J. McGregor, et al.[22] used a previously developed 
continuum damage mechanics-based model (CODAM) 
to simulate the damage propagation and energy ab-
sorption of braided composite tubes under axial 
crushing. X. D. Tang, et al.[23] adopted a multi-scale 
analysis approach to study the progressive failure be-Open access under CC BY-NC-ND license.
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havior of a 2×2 braid composite laminate. Z. X. Lu, et 
al.[24] conducted lots of mechanical experiments of 3D 
braided composites and introduced a strength predic-
tion method[25] by using the results of finite element 
analysis (FEA) and experiment. All these studies had 
got certain achievements which are helpful for the 
strength analysis of 3D braided composites. 
Unfortunately, numerical methods mentioned above 
are mostly focused on the typical body cell. In fact, the 
influences of face cell and corner cell have significant 
contributions to the damage and the break of 3D 
braided composites. Many experimental results show 
that the failure of 3D braided structure always starts 
from the surface[24]. Therefore, in this article, AEH 
method is used for all three kinds of unit cells to simu-
late the nonlinear cumulative damages. 
2. Homogenization of Elastic Body 
2.1. Basic assumption 
Some composite structures are composed of many 
periodically distributed unit cells. If the dimensions of 
unit cell are much less than the dimensions of the 
whole structure, a small parameter H is introduced and 
all the field variables are expressed as the functions of 
macroscopic coordinates x and mesoscopic coordina- 
tes y = x/H, where y represents the coordinate system of 
unit cell scale and x represents the coordinate system 
of whole structure scale. It is assumed that y is inde- 
pendent of x.
2.2. Derivation of homogenization formula 
The displacements are approximated with an asymp- 
totic series of H :
(0) (1) 2 (2)( ) ( , ) ( , ) ( , )i i i i   "u x u x y u x y u x yH H  (1) 
The relationships among the displacement ui, the 
strain eij and the stress Vij are 
, ,( ) ( ) 2j iij i j x xe x u u            (2) 
( ) ( )ij ijkl ij x C e xV               (3) 
Where Cijkl is the stiffness tensor. 
Substituting Eq.(1) into Eq.(2) and Eq.(3), it follows 
that 
1 ( 1) (0) (1)( ) ( , ) ( , ) ( , )ij ij ij ij
    "e x e x y e x y e x yH H  (4)
1 ( 1) (0) (1)( ) ( , ) ( , ) ( , )ij ij ij ij
    "V H V V HVx x y x y x y
(5)
where
( 1) (0) (0)
, ,( , ) ( ) 2j iij i j
  y ye x y u u          (6) 
( ) ( ) ( ) ( 1) ( 1)
, , , ,( , ) ( ) 2j i j i
k k k k k
ij i j i j
    x x y ye x y u u u u
( 0,1, )k  "                 (7) 
( ) ( )( , ) ( , ) ( , )m mij ijkl kl V x y C x y e x y
( 1, 0 , )m   "                (8) 
The elastic equilibrium equation is 
, jij i  0x fV (9)
where fi is the body force. 
Substituting Eq.(8) into Eq.(9) and equating the 
terms with the same power of H, a series of perturba-
tion equations are obtained as follows: 
2 ( 1)
,( ) : ( , )jijO
   0y x yH V             (10) 
1 ( 1) (0)
, ,( ) : j jij ijO
    0x yH V V             (11) 
0 (0) (1)
, ,( ) : j j iij ijO    0x y fH V V (12)
( ) ( 1)
, ,( ) : ( 1, 2, )j j
k k k
ij ijO k
   0 "x yH V V    (13) 
Multiplying both sides of Eq.(10) by ui(0)(x, y) and 
conducting integration and then integrating by parts, it 
follows that 
(0) ( 1) (0) (0)
, ,d dj li ij j ijkli kȖJ J Jw   ³ ³ 0y yu n u C uV    (14) 
where Ȗ is the period, Ȗ the boundary of unit cell. 
Due to periodicity of boundary, the first term of the 
left side of Eq.(14) is zero. And Cijkl is positive defi-
nite, so 
(0)
, ( , )ji  0yu x y               (15) 
Eq.(15) reveals that the zeroth order term of Eq.(1) 
is independent of the meso-coordinate y.
Then substituting Eq.(5) into Eq.(11), it follows that 
(0) (1)
,( ( ) ( ))) jijkl klx kly   ( 0yC e u e u      (16) 
where
1
2klx k l
§ ·w w ¨ ¸w w© ¹
e
x x
           (17) 
Using separation variables to solve Eq.(16), 
ui(1)(x, y) can be expressed as 
(1) (0)( , ) ( ) ( ( ))kli i klx i u x y y e u xF         (18) 
where kliF (y) is J -period function and named as equi- 
valent displacement. 
Then substituting Eq.(18) into Eq.(16), it follows 
that 
,( ( )) j
kl
ijkl ijkl kly i   0yC C e F         (19) 
Substituting Eq.(18) into Eq.(8), it follows that 
(0) (0)( , ) ( ( ))) ( ( ))klij ijkl ijkl ijy klx   (x y C C e y e u xV F
(20)
where (0)ijV (x, y) is the second term of Eq.(5) and 
called micro-stress. From Eq.(6), Eq.(8) and Eq.(15), it 
is noticed that the first term of Eq.(5) is zero. So, when 
H is very small, the terms which contains H can be 
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omitted and then (0)ijV (x, y) is the approximate value 
of Vij (x).
From Eq.(20), it is found that the micro-stress 
(0)
ijV (x, y) expression contains macro-parameter x and 
meso-parameter y. This reveals the status of stress per-
turbation in the scale of unit cell. 
Averaging the both sides of Eq.(20) in mesoscopic 
scale, it follows that 
(0) h (0)( , ) ( ( ))ij ijkl klx x y C e u xV  (21) 
where hijklC  is equivalent elasticity matrix, and 
h 1 [ ( ( ))] dklijkl ijkl ijkl ijyJ JJ  ³C C C e yF   (22) 
Eq.(22) indicates the relationship between average 
stress and average strain in unit cell scale. 
2.3. Finite element equation for homogenization
The principle of virtual displacement is used to 
solve the mesoscopic parameter Fkl(y), which is 
independent of macro-coordinate x.
Multiplying both sides of Eq.(19) by kliGF and
conducting integration within the area of unit cell, it 
follows that 
, ,
d ( ( )) d
j
j
kl kl kl
i ijkl i ijkl kly iJ JJ Jª ºG w G w  ¬ ¼³ ³ 0y yȤ C C e yF F
(23)
Integrating the left side of Eq.(23) by parts, it fol-
lows that 
, , ,d ( ) dj j n
kl kl kl
i ijkl i ijmn mJ JJ JwG  wG w  ³ ³ 0F F Fy y yC C y  (24)               
Because of the periodicity of kliF and kliGF , the first 
and the second terms of Eq.(24) are zero and therefore 
it follows that 
, , ,d ( ) dj j n
kl kl kl
i ijkl i ijmn mJ JJ JwG  wG w  ³ ³ 0y y yC C yF F F (25)
Eq.(25) can be transformed into the first variation of 
potential function as follows 
p ,( ) dj
kl kl
i i ijklJ3 J w ³F F y C
, ,
1 ( ) d
2 j n
kl kl
i ijmn mJ Jw w  ³ 0F Fy yC y       (26) 
The finite element discrete equation of Eq.(26) is 
e ekl  K q P (27)
where
1 1 1e T
1 1 1
d d d[ K ]   ³ ³ ³K B CBJ (28)
1 1 1e T
1 1 1
d d d[ K ]   ³ ³ ³P B CJ (29)
In Eqs.(27)-(29), q kl is the discrete form of F kl and 
is called nodal equivalent displacement; Ke the element 
stiffness matrix; P e the equivalent nodal loading ma-
trix; B the strain matrix; C the material stiffness ma-
trix; J the Jacobian matrix. 
From Eq.(29), it is found that the expression of P e
is similar to the equivalent nodal load array under ini-
tial stress. But different from the general finite element 
equation, both the P e and qkl ( or Ȥ kl ) are not in the 
form of vectors but matrices with six columns. There-
fore, the finite element equation Eq.(27) should be 
solved for six times, each time needs applying the ini-
tial stress {V0}j =C j ( j=1,2,Ă,6) and periodic bound-
ary conditions to the unit cells and each column of qkl
is calculated. 
2.4. Periodic boundary conditions 
The assumption of periodic boundary condition is 
used for homogenization method. For a unit cell area 
of parallelepiped with y1ę[0, 01y ], y2ę[0,
0
2y ], y3ę
[0, 03y ], Ȥkl(y) should satisfy 
0
2 3 1 2 3( , , ) ( , , )
jk jk
i i 0F Fy y y y y (30)
0
1 3 1 2 3( , , ) ( , , )
jk jk
i i 0F Fy y y y y (31)
0
1 2 1 2 3( , , ) ( , , )
jk jk
i i 0F Fy y y y y (32)
For 3D braided composites, the body cell has com- 
plete periodicity, while the face cell and the corner cell 
only have the periodicity of two and one direction. So, 
for these two kinds of unit cells, only two or one above- 
mentioned equation is satisfied. In addition, the inter-
face between each kind of unit cells must satisfy the 
condition of coordination. Fig.1 shows the periodic 
boundary conditions of three kinds of unit cells, where 
point A is on the interface of body cell and face cell, 
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Fig.1  Periodic boundary conditions of three kinds of unit 
cells.
point C is on the interface of body cell and corner cell, 
and point G is on the interface of face cell and corner 
cell.
It is noted that the coordination conditions on the 
interfaces of different kinds of unit cells can be im-
plemented by powerful interpolation function of 
MATLAB software. Firstly, the equivalent displace-
ments F of body cell are calculated by homogenization 
method; secondly, on the interface between face cell 
and body cell, the boundary condition for the face cell 
can be simulated by the method of the double three 
multinomial curved surface interpolation contained in 
MATLAB 7.0; lastly, the same method is used for the 
interface boundary condition of the corner cell. 
3. Damage Model 
3.1. Element damage criteria 
The micro-stress of each element is simulated by 
homogenization method, so some proper criteria will 
be used to judge whether the element is damaged. 
The yarns are not fully filled with fibers but also 
contain some matrices. Carbon fiber is transversely 
isotropic material, and matrix is isotropic material, so 
the yarns can be regarded as transversely isotropic 
material. There are some empirical formulas listed in 
Eq.(33) for predicting the strength of unidirectional 
composites[25], and their calculated results agree well 
with the experimental results, so they are directly used 
in this article. 
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  (33) 
where Xt is the longitudinal tensile strength, Yt the 
transverse tensile strength, Xc the longitudinal com-
pressive strength, Yc the transverse compressive 
strength, S the in-plane shear strength, S* the 
out-of-plane shear strength, Vf the tensile strength of 
fiber, *mV the tensile stress of matrix for the fracture 
strain of fiber, Vm the tensile strength of matrix; Ef2 the 
transverse modulus of fiber, Gf12 the shear modulus of 
fiber, fV  the compressive strength of fiber, mV  the 
compressive strength of matrix, Hmu the fracture strain 
of matrix, Wf the shear strength of fiber, Wm the shear 
strength of matrix, and Vf and Vm are the volume frac-
tions of fiber and matrix. 
Particularly, it should be noticed that the directions 
of yarns in 3D braided composites are variable. It is 
defined that S is the shear strength of a plane which 
contains yarn axis, S* is the shear strength of a plane 
which is perpendicular to S. Therefore, the directions 
of S and S* are also changed with the directions of 
yarns. 
For each yarn element, the Tsai-Wu second-order 
tensor polynomial Eq.(34) is adopted as its damage 
criterion, i.e. 
2 2 2 2 2 2
11 1 22 2 33 3 44 23 55 13 66 12F F F F F FV V V W W W     
12 1 2 13 1 3 23 2 32 2 2F F FV V V V V V  
1 1 2 2 3 3 1F F FV V V            (34) 
where V1, V2, V3, W12, W23 and W13 are the stress compo- 
nents of matrix element, and 
11 22 33
t c t c
44 55 662 * 2
12 13 11 22 23 22 33
1 2 3
t c t c
1 1,
1 1,
( )
1 1,
2 2
1 1 1 1,
F F F
X X Y Y
F F F
S S
F F F F F F F
F F F
X X Y Y
½   °°°   °°¾°     °°°     °¿
(35)
The matrix is isotropic material and so for each ma-
trix element, the von Mises criterion is adopted as its 
damage criterion, i.e., 
2 2 2
1 2 2 3 3 1( ) ( ) ( )V V V V V V     
2 2 2 2
12 23 31 m6( ) 2Ĳ ĲW V              (36) 
3.2. Geometric damage theory 
Geometric damage theory proposed by S. Mura-
kami, et al.[21] considers that the reduction of effective 
loading for damaged model is equivalent to the reduc-
tion of effective load-bearing area for undamaged 
model. Defining : as the damage tensor and I  : as 
the reduction of dA caused by damage, then it follows 
that: 
*d ( ) d A I A:             (37) 
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The damage of yarns and matrices can be character- 
ized by S. Murakami damage model. The damage 
model uses three principal damage variables to de-
scribe the damage status, and is expressed as 
( , , , )ij i j i j L T Z   ¦ n n: :    (38)         
where :ij, ni and nj are the principal value and princi-
pal unit vector of damage tensor, respectively. 
L-direction represents the longitudinal direction of 
yarn, T and Z directions represent the transverse direc-
tions of yarn. 
Assuming that the principal vectors of damage coin-
cide with the vectors of yarn coordinate axis, and then 
the damage tensor can be expressed as 
L LT ZL
LT T TZ
ZL TZ Z
: : :
: : :
: : :
ª º« » « »« »« »¬ ¼
:          (39) 
Due to the reduction of effective load-bearing area, 
the relationship between the undamaged stress and the 
effective stress can be written as 
* 1 11 ( ) ( )
2
 ª º   ¬ ¼V : V V :I I        (40) 
where V and V* are the undamaged stress and effective 
stress, respectively. 
Substituting Eq.(39) into Eq.(40), it follows that 
*  V VT                (41) 
where the components Tij(i, j=1, 2,…, 6) are the func-
tions of the components of the damage tensor. 
The relationship between effective stress and strain 
of anisotropic material is 
*  DV H                 (42) 
The relationship between undamaged stress and 
strain of anisotropic material is 
* V HD                 (43) 
where D*=T 1D is the equivalent matrix under dam-
aged status. 
When the principal vectors of damage tensor coin-
cide with the vectors of stress tensor, each principal 
stress component in Eq.(41) can be written as 
*
1 1 1
*
2 2 2
*
3 3 3
/(1 )
/(1 )
/(1 )
½  °°  ¾°  °¿
V V :
V V :
V V :
           (44) 
3.3. Stiffness degradation[19]
There are four damage patterns for yarns and the 
principal value of damage tensor of each damage pat-
tern, :i (i = L, T, Z), is relevant to the stress condition 
as shown in Table 1. In Table 1, L denotes longitudinal 
damage, T or Z denotes transverse damage, LT, ZL or 
TZ pattern denotes shear damage pattern. 
Table 1  Damage pattern and principal value of damage 
tensor
Damage pattern Stress condition : L : T : Z
VL >0 1 0 0 L VL 0 0 0 0 
VT >0 0 1 0 T or LT VT 0 0 0 0 
VZ>0 0 0 1 Z or ZL VZ 0 0 0 0 
VZ >0 0 1 1 VT >0 VZ 0 0 1 0 
VZ >0 0 0 1 TZ VT 0 VZ 0 0 0 0 
The damage pattern of each yarn element can be 
judged by maximum ratio of each stress component to 
the strength component defined in Eq.(45) and the 
direction with maximum ratio is the damage direction. 
For example, if 2LV / (Xt Xc) is the maximum ratio, then 
the damage pattern of the yarn element is L-direction 
damage. 
2 2 22 2 2
* *
t c t c t c
, , , , ,L T Z TZ ZL LT
X X Y Y Y Y S S S
V V V W W W­ ½° °§ · § · § ·® ¾¨ ¸ ¨ ¸ ¨ ¸© ¹ © ¹ © ¹° °¯ ¿
(45)
In order to eliminate the matrix singularity in the 
stiffness degradation process, the principal values of 
damage tensor being 1 are modified to be 0.999. 
So, for each damaged yarn element, the stiffness 
matrix is reduced according to the geometric damage 
theory and its damage pattern is listed in Table 1. 
For each damaged isotropic matrix element, the 
stiffness matrix is reduced to zero. In this article,   
the stiffness matrix is reduced by 99.9% according to 
Ref. [18]. 
4. Numerical Simulations 
This section gives an example of damage simulation 
for 3D braided composites by homogenization method. 
The analyzed object is 3D four-directional braided 
composites formed by the four-step 1×1 rectangular 
braiding procedures. 
4.1.  Material and structural parameters 
The material moduli of composites are listed in Ta-
ble 2. The strength parameters in Eq.(33) and Eq.(36) 
are as follows:Vf=3 GPa, *mV =70.6 MPa, Vm=80 MPa, 
fV  =2.07 GPa, mV  =79 MPa, Hmu=1.7%, Wf=943 MPa, 
Wm=46 MPa. 
Table 2  Elastic module of carbon fiber and resin 
matrix
Malerial E1/GPa E2/GPa G12/GPa Ȟ12 Ȟ23
T300 carbon fiber 220 13.8 9.0 0.20 0.25
TDE-85 matrix 4.5 4.5  0.34 0.34
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The braided parameters are: interior braiding angle
T =33°, fiber density is 1.54 g/cm3, fiber volume frac-
tion Vf =0.50, fiber diameter df =7.6 ȝm, the number of 
fiber in each yarn Nf =9 000, and the dimensions of the 
whole structure is 20 mm×6 mm×120 mm. 
The tensile strength of the material is 386 MPa, and 
the fracture strain is 1.02% according to experimental 
data. 
Fig.2 shows the distribution of unit cells in the 
whole structure. 
Fig.2  Cell-composition structure of 3D braided composites. 
4.2. Computational procedure 
There are seven steps to simulate damage by ho-
mogenization method. 
Step 1  Develop the finite element model of the 
meso-structure. 
Step 2  Solve the effective displacement kliF (y) by 
homogenization method. 
Step 3  Calculate the equivalent elasticity matrix of 
each kind of unit cell by Eq.(22). 
Step 4  Assemble all the unit cells and develop the 
finite element model of the macro-structure. 
Step 5  Calculate macro-displacement u(0)(x) by fi-
nite element method. 
Step 6   Calculate micro-stress V (0)(x, y) by Eq.(20). 
Step 7  Increase the loads step by step. For each 
step, judge every element for whether it is damaged. 
Then the stiffness degradation method is used for each 
damaged element. 
4.3. Simulation results 
In this article, a set of software for the progressive 
damage simulation of 3D braided composites using 
AEH method is compiled by the APDL language with 
the platform of ANSYS 10.0. This software provides a 
friendly interactive interface and has good extendibi- 
lity, which is very helpful for mechanical analysis of 
3D braided composites. 
J. W. Dong, et al.[7] simulated the macro-structure of 
the 3D braided composites and divide the macro- 
structure into three kinds of unit cells by their periodic 
distributions, which made the meso-structure be more 
completed and accurate. So the unit cell models are 
developed herein according to Ref.[7]. Here it is as-
sumed that the section of every yarn is ellipse, and the 
ratio of major axis to minor axis is 3 cos T. The fiber 
volume fractions of body cell, face cell and corner cell 
are respectively calculated by the formulas in Ref.[4], 
where the yarn packing factor is unknown. While the 
fiber volume fraction in the whole preform is known 
as Vf =0.50, so the yarn packing factor can be solved. 
Then the input material properties of each yarn can be 
calculated by volume average stiffness method. 
Fig.3 shows the finite element models of three kinds 
of unit cells. 
Fig.3  Finite element models of three kinds of unit cells.
In this example, we use displacement increment 
method and zH  (where z is the braiding direction) 
represents the average tensile strain of the whole fab-
ric. The damage propagation results of the body cell, 
the face cell and the corner cell are respectively shown 
in Figs.4-6. 
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Fig.4  Damage patterns and percentages of yarn and matrix elements for body cell. 
Fig.5  Damage patterns and percentages of yarn and matrix elements for face cell. 
Fig.6  Damage patterns and percentages of yarn and matrix elements for corner cell. 
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Comparing Figs.4-6, it is observed that:
(1) For body cell, the main damage pattern of yarn 
elements is L pattern, and the damage ratio of the ma-
trix is a little less than that of the yarn. Therefore, it 
can be concluded that there are two main reasons for 
the failure of body cell: matrix cracking and yarn lon-
gitudinal breaking. 
(2) Under the same average strain level, there are 
more damages for the face cell and corner cell than 
that for the body cell. The main damage pattern of yarn 
elements for face cell and corner cell is L-pattern, and 
the damage of matrix is much less than that of yarn. 
Therefore the main cause for the failure of face cell 
and corner cell is yarn longitudinal breaking. 
(3) When the average strain is 0.009, there are more 
damaged elements for the face cell than that for the 
corner cell. This is why some experimental results 
show that the breaks of 3D braided composites always 
start from the surface[24].
5. Conclusions 
Considering the surface and corner effects, 3D 
braided composites are divided by three kinds of unit 
cells. Homogenization method is used to simulate the 
damage propagation of each kind of unit cell. Tsai-Wu 
criterion and von Mises criterion are adopted as the 
damage criterion of yarn elements and matrix elem- 
ents, respectively. The geometric damage theory pro- 
posed by S. Murakami is introduced and the stiffness 
degradation method is used to deal with the damaged 
elements. By simulation, some conclusions are obtain- 
ed:
(1) The yarns of face cell and corner cell are more 
easily damaged than the yarns of body cell, and the 
damages always occur firstly on the surface. So for the 
damage and strength analysis of 3D braided compos-
ites, surface and corner effects should be considered. 
(2) Besides the yarn longitudinal breaking, some-
times matrix cracking will be one of the causes for the 
failure of material. And the matrix cracking has larger 
effect on body cell than on face or corner cell.  
(3) Homogenization method is an effective method 
for the micro-damage and strength analysis of 3D 
braided composites. 
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